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Abstract. Allen-Cahn (Ginzburg-Landau) dynamics for scalar fields with
heat conduction is treated in rigid bodies using a non-equilibrium thermody-
namic framework with weakly nonlocal internal variables. The entropy pro-
duction and entropy flux is calculated with the classical method of irreversible
thermodynamics by separating full divergences.
1. Introduction
Phase field theories are dissipative. At least they seem to be dissipative,
because the governing equations are parabolic and also there are various at-
tempts to characterize the dissipation in the framework of their construction meth-
ods. However, they were originally introduced without thermodynamic consid-
erations, with the help of a combination of variational and thermodynamic like
methods [Cahn and Hilliard(1958), Cahn(1961), Hohenberg and Halperin(1977)].
The universal background of these equations is questioned in spite of their
widespread applicability and success in modelling various different phenomena
[Hohenberg and Krekhov(2015), Emmerich(2008)]. Theoretically the most prob-
lematic aspect is their incompatibility with classical continuum theories. If they
are dissipative, then the unification with classical theories, in particular heat con-
duction must be straightforward and important. Several conceptual frames were
developed to understand this aspect, among them the most notable ones are
the method of configurational forces [Gurtin(1996)] and General Equation of Re-
versible and Irreversible Coupling (GenERIC) [Öttinger(2005)]. Non-Equilibrium
Thermodynamics with Internal Variables (NET-IV) is a natural framework to
derive the governing differential equations of continua without variational con-
siderations for both dissipative and nondissipative evolution [Ván(2018)]. With
dual internal variables one can model inertial effects, without or with dissi-
pation [Ván et al(2008)Ván, Berezovski, and Engelbrecht, Berezovski et al(2011b),
Berezovski et al(2011a), Berezovski and Ván(2017), Berezovski et al(2018)]. An
advantage of a pure thermodynamic background is the universality of the results:
as long as the general conditions of the derivation are fulfilled, the results of the
derivation are valid, independently of the micro or mesoscopic structure of the
material.
Thermodynamic compatibility of phase fields is a long time discussed and re-
searched question, mostly with variational techniques. Then the identification of
entropy flux and entropy production is problematic [Penrose and Fife(1990)]. The
relation to continuum balances is investigated mostly when the gradient extensions
of classical fields are considered (see e.g. [Sekerka(2011)]). In this short commu-
nication a single scalar internal variable is treated with classical thermodynamic
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methods in rigid heat conductors. Then Allen-Cahn type evolution is a solution of
the entropy inequality. The relation of entropic and free energy representations are
analysed. It is shown that heat flux is different with and without internal variables.
2. Classical variational-relaxational derivation of the Allen-Cahn
equation
What is the evolution equation of a single scalar field, an internal variable, with-
out any constraint in a continuum at rest? First one would look for a variational
principle. However, then a second order time derivative and a nondissipative evolu-
tion cannot be avoided and we obtain something similar to continuum mechanics.
There are several other systems, with diffusive properties and in this case the best
evolution equations are obtained by a characteristic mixture of variational and
thermodynamical ideas.
Let us denote the scalar field by α. We assume, that the Helmholtz free energy
density, F , depends on this variable and its gradient: F (α,∇α). For the sake of
simplicity we consider the following square gradient form, a Ginzburg–Landau free
energy function:
F (α,∇α) = F0(α) +
γ
2
∇α · ∇α, (1)
where γ is a nonnegative material parameter, which is scalar for isotropic continua.
F0 is the classical, local part of the free energy, that may be a double well potential,
if α is an order parameter of a second order phase transition.
Then, following the usual arguments, one assumes, that the rate of α in a body
with volume V is negatively proportional to the change of the free energy, denoted
by δ:
d
dt
∫
V
αdV = −lδ
∫
V
F (α,∇α)dV. (2)
Assuming that this equality is valid for any V we obtain the general Allen–Cahn
(Ginzburg–Landau) equation in the following form:
∂tα = −l
δF
δα
= −l
[
∂αF −∇
(
∂∇αF
)]
. (3)
Here ∂t is the partial time derivative, δδα in the functional derivative, and l is a
material parameter. With the square gradient free energy, (1), one arrives at the
classical form of the equation:
∂tα = −l
(
∂αF0 − γ △ α
)
. (4)
The question is whether and in what sense the equation is dissipative and how
is that related to the second law. In the following we will clarify this question and
also show, that the Allen–Cahn equation follows from simple thermodynamics.
3. Thermostatics of internal variables
In our continuum theory the entropy is the function of the internal energy and
also the scalar field α and its gradient. Therefore, the Gibbs relation for specific
quantities is written as
de = Tds−
A
ρ
dα−
A
ρ
· d∇α. (5)
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Here e is the specific internal energy, s is the specific entropy, T denotes the tem-
perature, ρ is the density and ∇α is the gradient of α field. The dot denotes the
inner product of the corresponding vectors. The Gibbs relation is a convenient rep-
resentation the specific entropy function s(e, α,∇α), with the partial derivatives:
∂s
∂e
=
1
T
,
∂s
∂α
=
A
ρT
,
∂s
∂∇α
=
A
ρT
. (6)
These partial derivatives define the internal variable related intensive quantities
A and A.
By means of the specific Helmholtz free energy, f(T, α,∇α), considering the
definition by Legendre transformation, f = e− Ts, one can see easily that
∂f
∂T
= −s,
∂f
∂α
= −
A
ρ
,
∂f
∂∇α
= −
A
ρ
. (7)
In case of a continuum at rest the specific free energy is related to the free
energz density as F = ρf . With these expressions the thermostatics for a classical
field theory with a single scalar weakly nonlocal internal variable is defined. The
derivation of the corresponding relations for densities and also with global quantities
is straightforward, introducing the extensivity of the thermodynamic potentials
[Berezovski and Ván(2017)].
4. Entropy production
The substantial balance of internal energy is given as
ρe˙+∇ · q = 0, (8)
where q is the heat flux, the overdot denotes substantial time differentiation
and ∇· denotes divergence. In our case, for rigid heat conductors, the substan-
tial time derivative is equal to the partial one. For the calculation of the en-
tropy balance we follow the classical method of de Groot and Mazur with the
identification of the entropy flux by a convenient separation of full divergences
[de Groot and Mazur(1962)]. The method was applied by Maugin for internal vari-
ables, too [Maugin(2006)]. Therefore, for the time derivative of the entropy we
obtain, that
ρs˙(e, α,∇α) = −
1
T
∇q+
A
T
α˙+
A
T
·
d
dt
(∇α), (9)
where we have substituted the time derivative of the internal energy with (8) and
represented the overdot notation of the substantial time derivative by d
dt
. In case of
rigid bodies the spatial and substantial derivatives commute, therefore d
dt
∇ = ∇ d
dt
.
In this case, continuing the calculation
ρs˙ = −∇ ·
q
T
+ q · ∇
1
T
+
A
T
α˙+∇ ·
(
Aα˙
T
)
− α˙∇ ·
A
T
. (10)
Therefore the complete entropy balance can be written in the following form:
ρs˙+∇ ·
(
q−Aα˙
T
)
= (q −Aα˙) · ∇
1
T
+
α˙
T
(
A−∇ · A˙
)
≥ 0. (11)
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Here we can identify the entropy flux J and the entropy production σ as follows:
J =
q−Aα˙
T
(12)
σ = (q−Aα˙) · ∇
1
T
+
α˙
T
(
A−∇ · A˙
)
≥ 0. (13)
The constitutive relations can be determined by solving the inequality (13) and
recognizing that it leads to the evolution equation of α, and the constitutive function
of the heat flux q. In case of linear relationship between the thermodynamic fluxes
and forces and for isotropic materials one obtains, that
α˙ = l (A−∇ ·A) = lρT
(
∂s
∂α
−∇ ·
∂s
∂(∇α)
)
= −lρ
(
∂f
∂α
−∇ ·
∂f
∂(∇α)
)
, (14)
q = α˙A+ λ∇
1
T
= ρT α˙
∂s
∂(∇α)
+ λ∇
1
T
= −ρα˙
∂f
∂(∇α)
+ λ∇
1
T
. (15)
Here λ = λFT 2, where λF is the Fourier heat conduction coefficient. We can
recognize that (14) is the Cahn-Allen-Ginzburg-Landau equation. The second law
requires nonnegative relaxation and heat conduction coefficients l and λF . With a
given thermodynamic potential (s, or f), (8) and (14)-(15) are a closed system of
differential equations to be solved for considering phase fields coupled to thermal
effects.
5. Discussion
The derivation can be extended easily with mechanical interaction for fluids
and elastic solids. Then the restriction of constant density must be released with
the present thermostatic representation of the internal variable and its gradient
[Berezovski and Ván(2017)].
It is also remarkable that the simple and heuristic exploitation method fo sep-
aration of divergences is compatible with the more rigorous Liu or Coleman-Noll
procedures in as it was shown in [Ván(2018)]. It was also shown that for a Cahn-
Hilliard evolution the rigorous exploitation is more technical.
For phase transition models the concavity of the entropy or/and the proper con-
vexity relations for free energy are important requirements. This property ensures
the stability of equilibria and the basin of attraction is related to simply connected
concave regions. With additional considerations for boundary conditions the total
entropy is a good candidate for a Ljapunov functional of equilibria as it is indicated
in [Penrose and Fife(1990)].
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